We consider experimental evidence for the hypothesis that the energy scale ǫ at which non-linear deviations from Schrödinger dynamics associated with wave-function collapse will be observed is the Planck energy E p ≈ 10
In his Lectures on Gravitation 1 , R.P. Feynman suggested that we at least consider the possibility that gravity need not be quantized because it is actually responsible for a deviation from linear Schrödinger evolution at the Planck scale, E p ≈ 10
19 GeV . This is not implausible since particles of mass M p = E p /c 2 ≈ 10 −5 gm have a Compton wavelength smaller than their Schwarzschild radius.
Feynman also observed that because the Planck mass M p is essentially macroscopic, such a deviation might explain the apparent instability and collapse of Schrödinger cat states in which there is dispersion of a macroscopic observable. Indeed, the measurement problem of quantum mechanics arises from the absence of a generalization of the Schrödinger equation that interpolates between linear evolution and collapse. Such a generalization requires a universal energy scale ǫ to which a dispersion ∆ arising from entanglement can be compared in determining whether the collapse time τ c is large or small in relation to the time scaleh/∆ of linear Schrödinger evolution. The question then is whether E p supplies that scale. Since there is, as far as we know, no interaction weaker than gravity, the establishment of a lower bound for ǫ in the vicinity of E p would lend strong support to the candidacy of gravity as the cause of collapse.
The simplest guess we can make from dimensional analysis is
If collapse does not actually happen, as some believe, we would have τ c → ∞, i.e. ǫ → ∞. If collapse does happen, ǫ ≈ E p implies that collapse is very slow and difficult to measure.
To obtain an lower bound experimentally one might consider the possibility of detecting collapse by its effect on the observable EPR correlations of entangled pairs. But such experiments are, in today's technology, only conceivable in the realm of quantum optics where ∆ ≈ 1eV . Absence of observed collapse would then imply ǫ >> 1eV . Even if such measurements could be made with hadrons, our bound will only move up to 1 GeV, and we are still nineteen orders of magnitude too low.
Fortunately, however, there are entanglement situations involving elementary particles in which a conspiracy of circumstances provides an opportunity to establish a much sharper bound. Suppose we have an entangled state which is unstable, decays in time τ , and has an observed branching ratio γ << 1 for breaking a symmetry. If τ c were not very much larger than τ , there would be time to first collapse into the factorized constituents of the entangled state. If the branching ratio for violation in such case is γ c >> γ, a lower bound on τ c follows. If collapse obeys an exponential law one obtains:
with saturation indicating that all of the violation is coming from the collapse channel.
Thus we can obtain a lower bound on ǫ much larger than ∆ by having either or both of the following: (I) τ ∆/h >> 1, i.e. an unusually long lifetime because of the violation of a good conservation law. (II) γ/γ c small, i.e. a small observed symmetry breaking but one which would be large if collapse happens before decay Both of these ingredients are present in the CP violating decay of the K 1 meson which in the quark model is the state:
This is a superposition of the the K o andK o which are the summands on the right, but it is an entanglement of the two-level di-quark system indicated by label 1 and the two-level di-antiquark indicated by label 2. As will be made clear below, the relevant value of the dispersion ∆ driving collapse is the total of the dispersion in each of the two entangled systems separately. Thus it is the dispersion arising from the mass difference δm ≈ 200 MeV of the s and d quarks that we must use for ∆ not the mass difference of the K o andK o which is zero. It is this large value together with the very long life of the K 1 , τ ≈ 5 × 10 −8 s, resulting from a combination of strangeness changing and small phase space that supplies the principal amplification factor (I). The amplification factor (II) results from having γ c = 0.5 because the K o andK o are not CP eigenstates, together with a small measured CP branching ratio, γ ≈ 2 × 10 −3 . Putting these numbers into (2) we obtain the remarkable result:
The probability of obtaining a bound so close to E p by accident is astronomically small. It suggests, but does not require, that the bound is saturated, thus making collapse the sole cause of CP violation. This would mean that the CKM phase and ǫ ′ are zero. Moreover in the B-system, insertion of the b-d mass difference of 5 GeV for ∆ and the lifetime 10 −12 s for τ then predicts a branching ratio of γ ≈ 10 −5 .
If pure accident is discounted, the result (4) not only implicates gravitation, but it eliminates ǫ → ∞, i.e. attempts to resolve the measurement paradox without coilapse actually happening as in the modal and relative state (many worlds) interpretations. It therefore makes more urgent the need for a complete dynamical theory of collapse from which (1) can be deduced rather than relying on dimensional analysis, and from which the exponential law for collapse assumed in deriving (4) can be deduced as well. In the remainder of the paper we will show that the linear Schrödinger equation can be modified in a simple and natural way to a stochatstic differential equation such that: (A) The scale of the non-linearity is determined by an energy parameter ǫ from which (1) can be deduced. (B) Collapse obeys an exponential decay law, and no long stochastic tails reduce its efficacy. (C) Collapse is driven by the energy dispersion in each of the constituents of an entangled state. (D) The non-linearity does not cause pathologies, e.g. violations of the second law of thermodynamics or causality.
To keep the notation uncluttered we develop the theory for two-level entangled states such as (3) We will assume that the two levels for particle-1 are ±E which can be done by adding a multiple of the unit matrix to the Hamiltonian matrix. We first develop the equation for the case where only one of the particles has significant energy dispersion and then extend it to allow contributions from both. We will thus take the Hamiltonian to be:
Since one can imagine an infinite number of different non-linear extensions, we shall not simply pull our modified equation "out of the hat", but rather will arrive at it in stages showing in each that we have made the simplest choice possible consistent with physical constraints.
It is helpful at the outset to look at the collapse of the wave function thermodynamically. The correlational entropy present in an entangled state, together the energy level separation ±E implies that the reduction of the energy dispersion accompanying collapse of the wave function lowers the free energy. To see this note that (3), being a pure state, has zero entropy. But it contains more information than pure states do that are simple products. For if a measurement is made on particle-1 paying no attention to particle-2, the density matrix becomes the reduced density matrix whose entropy is larger, whereas for a factorized state there would be no change. Thus with x ≡ |α| 2 , we see that
measures the correlational entropy: it is negative and reaches a maximum of zero at collapse. One readily checks that the energy dispersion of H in the state (3) is (x(1 − x)) 1/2 E which behaves like a free energy, having its minima in the factorized states and its maximum in the maximally entangled state where x = 1/2. Thus the instability of the entangled state leading to collapse can be regarded thermodynamically as the usual route to stability by lowering the free energy. Since quantization prevents averaging the two energies ±E, it must choose one or the other. What we must find, therefore, is a way to include the effect of entanglement free energy through a non-linear correction to the Schrödinger equastion.
There is an elegant and natural way to introduce non-linearities into the Schrödinger equation. If Ψ is an n-component spin wave function, and H is an n × n matrix then
This is the so-called "geometric formulation of quantum mechanics" 2,3 which makes the Schrödinger equation exhibit the (Kähler ) symplectic structure 4,5 of Hamilton's equations for conjugate dynamical variables Ψ and Ψ * . One may now look for suitable modifications of the Schrödinger equation by adding something to |Ψ| 2 which is more than quadratic in the Ψ's and is thus like adding anharmonic terms to a classical oscillator. Our problem is to find such a quantity that measures entanglement and is expressed simply in terms of the Ψ's.
What characterizes entanglement is the inability to make a prediction about the behavior of one constituent independently of its partner. Thus in a completely entangled state a constituent can be found with equal likelihood in any state if no measurement is made on its partner. In contrast, for a system in the factorized state |1 |2 , it is certain that particle -1 will not be found in a state orthogonal to |1 . To make this idea quantitative note that there is a natural map from the two-particle state:
to the operator ψ = j,k
Forming the positive operator ψ † ψ one verifies that a necessary and sufficient condition for there to be zero probability of finding a particle in some state when no measurement is made on the other, is that such a state be an eigenstate of ψ † ψ with eigenvalue zero. There is an eigenstate with eigenvalue zero if and only if the determinant of ψ † ψ vanishes. The determinant is non-negative, and one can show that it assumes its maximum on maximally entangled states. In the case of the state (3) one sees that the determinant is just |α| 2 |β 2 |, i.e. the same measure of the correlational entropy that appeared in the energy dispersion. We shall thus refer to
as the measure of entanglement 6 .
It is important to note that any unitary transformation that acts independently on particles-1 and 2 is of the form Ψ → (U ⊗ V )Ψ under which ψ → U ψV † . The traces of any power of ψ † ψ will be invariant under such transformations, and, for 2 × 2 matrices all of these will be functions of the norm Tr (ψ † ψ) = |Ψ| 2 and the measure of entanglement Det (ψ † ψ). Thus when we rewrite (7) in terms of ψ the simplest possible non-linearity that is invariant under unitary transformations will involve the addition of a term linear in the measure of entanglement. Taking advantage of the identity
valid for any 2 × 2 matrix A and scalar ν, we are led to consider an equation of the form
in which we have one new universal parameter ǫ. Expanding the determinant by (11) and working out the partial derivatives one obtains:
which shows that the equation reduces to the ordinary Schrödinger equation plus a nonlinear term that disappears if we let ǫ → ∞. This would be the case if collapse did not really happen at all.
The linear Schrödinger equation has a time reversal symmetry that shows up in its invariance under t → −t and ψ → ψ * . The non linear term which has no i does not preserve this symmetry. With a random sign in (13) the symmetry can be preserved as an ensemble average. This is our heuristic motivation for the way in which we now introduce the noise: We shall simply assume that during the evolution of the state of a particle, the signs in (13) fluctuate randomly.
The description of the noise is not complete, of course, until we also specify the intervals between the random sign fluctuations. Before doing so let us examine the solution of the equation for a fixed choice of sign. Because of the invariance of the determinant, the linear term in (13) is transformed away by going to the interaction picture, i.e. by the trasnformation ψ → e −iHt ψ. The ψ-matrix representing the state (3) will be initially diagonal and, because of the absence of coupling, will remain diagonal. Denoting ψ jj by ψ j equations reduce to coupled equations for x = |α| 2 and y = |β| 2 , namely:
with τ c given by (1), and ∆ = E √ 2. One observes that x + y is conserved, and the process terminates when either x or y vansishes. The solution for x is seen to be: x = 1/(1 + e t/τc ) which is essentially exponential with characteristic time τ c .
We now introduce the noise in the manner suggested above by letting the signs in (13) fluctuate randomly. Writing dx = ±δ, dy = ∓δ with δ = xydt/τ c one sees that if the fluctuations occur in such a way that δ is held fixed the process is a random walk with boundary, sometimes called the "gambler's ruin" 7, 8 . One thinks of x and y as the fortunes of two gamblers who bet δ on each toss of a coin, the victor being indicated by the sign. The game ends when one is wiped out. This game is known to be a martingale i.e. the probability of winning is proportional to ones' initial fortune. Hence the probability for x → 1 is x and for y → 1 is y which is just the quantum mechanical collapse rule but now produced dynamically rather than as a separate postulate.
However, this stochastic process is too noisy and will result in an infinitely long process when we let dt go to zero. For if the stake gets small the weaker player can have runs of luck so that the average length of the game increases without limit. The way around this is to let the "game" be played as the game of "double or nothing" 6 in which the weaker of the two players bets the full amount of his fortune on any play. This game is also a martingale, but its average length is two (or 1 if x = y = 1/2).
As noted earlier we only considered the effect of the energy dispersion arising from one of the two particles in the entangled state. Effects of the second particle are included by adding a second term on the right of (12) identical to the first but with σ σ σ acting from the right on the gradient and the E value appropriate to the second particle. In general there need be no correlation between the signs of the noise in the two terms, and the result will be to simply add the dispersions. The fact that it is the sum of the energy dispersions that is relevant rather than the dispersion of the total energy (which is zero) is easily seen physically by the example of an entangled state consisting of a live cat A and dead cat B with dead cat A and live cat B. There is no dispersion of the the total temperature, but the state must clearly collapse rapdily due to the elevated free energy associated with the dispersion of the temperatures in each cat separately.
We have now produced a stochastic, non-linear modification of the Schrödinger equation that interpolates between linear deterministic evolution and non-linear, stochastic collapse and from which we could derive (1) and the exponential collapse law with no stochastic tails..
Our final task is to show that our modified Schrödinger equation enjoys the same "peaceful coexistence" with the other basic laws of physics that the linear Schrödinger equation enjoys. This is particularly important because we know 9,10,11 that the noise is essential for this.
(1) The second law of thermodynamics: Consider the change in the average entanglement of an ensemble with a given x resulting from a noise fluctuation. We have
Thus the average entanglement always decreases which means that the entropy always increases. In fact the maximum average entanglement decrease is achieved for the largest δ consistent with the given x which is the minimum of x and 1 − x. But this is just the game of double or nothing. Thus the entropy not only increases, but does so at the maximum possible rate. (3) Causality: The random sign fluctuations reproduce the collapse postulate of conventional quantum mechanics, and so the outcome of measurements has the same unpredictability. But it is this unpredictability that prevents capitalizing on EPR correlations to send super-luminal messages. Thus the status of the nonlinear, stochastic theory vis a vis causality is the same as that of the linear equation plus collapse postulate. There are grounds for optimism that one can develop an explicitly covariant version because of the invariance of Det (ψ † ψ) under all possible one-particle unitary transformations.
Since we have proposed a resolution of the measurement paradox, let us point out its salient differences from other proposed resolutions 12, 13, 14 . As in other dynamical theories, collapse actually happens, rather than merely appearing to happen. In this respect it differs from relative state and modal interpretations 15 . The noise is internal so it also happens in closed systems, a feature missing in the so-called 16 FAPP ("for all practical purposes") approaches which rely on external noise reservoirs to produce decoherence. Finally it differs from spontaneous localization theories by denying favoritism to any direction in Hilbert space, but rather relying on the the entanglement and thermodynamics to decide the direction of collapse by lowering the free energy. Having noise fluctuations occur at intervals influenced by the stochastic process itself we avoid the necessity of having external "hits"
17 and the necessity of having more than one fundamental parameter. If ǫ is simply related to E p as the bound (4) suggests, there will be no new parameters in our modified equation.
The theory presented above is restricted to the simplest dynamical situation, that of two two level systems. Since all measurements in principle can be reduced to yes-no questions, this treatment is adequate for demonstrating how the measurement paradox may be resolved. However, to make it into a complete theory we must extend the non-linear equation to systems of many particles and to infinite dimensional Hilbert spaces. We anticipate that the thermodynamic view of collapse will be extremely useful for this, because the optimal decreasing of entanglement free energy becomes a physical basis on which to resolve the thorniest problem -how the process selects a basis in Hilbert space along which the collapse must go.
When nearing the conclusion of this paper the work of L. Hughston 18 was brought to my attention. He has clearly recognized that (1) will be obtained in stochastic evolution, and his non-linear stochastic equation also has the symplectic geometric form. In considering the possibility that the Planck scale may be involved he notes the relative accessibility of the combinationhE p ≈ 8M eV 2 s. His analysis of the geometric content of stochastic dynamics will no doubt be invaluable in seeking to generalize the theory to more complex systems.
